cPrL
Image Processing |

Chapter 6

Convolutional neural
networks

Prof. Michael Unser, LIB

0 3

December 2025



OUTLINE

= |[ntroduction

The (deep) learning (r)evolution in signal processing
Artificial neurons
Neural networks architectures for image processing

= Basic Components of CNNs
Operator-based formalism
Composition properties
Pooling
Continuity properties

= CNNs in Practice

Deep learning pipeline
Denoising
Segmentation

Unser: Image processing

6-2



The (deep) learning (r)evolution in image processing

learning

Special issues  KIlIE]HQIRASSIIT
, e

MACHINE. UNROLLING
lEARNlNG ’ — Inferprefable,

Efficient

Deep Learnin
for Signal an
Image Processing

= NEURAL Handbook APPLIED NEURAL NETWORKS
3 Michael M.Richter NETWORKs e FOR SIGNAL PROCRSSING

Sheuli Paul FOR l]B a I
SIGNAL NE NEURAL NETWORKS
PROCESSING NETWORK FOR SIGNAL
Bart kosho SIGNAL

B and Machine PROCESSIN

Machine Learni | | earning
for Signal Proces with App"(&tions

Data Science, Algorithms, ai —r i S
Computational Statistics Fited by
3 EISEE JENQ-NENG HWANG A

ol BElsisl= B 3
OXFORD i/;?('k( Sias BART KOSKO
a Springer o2

It . v \
S|g nal Prn cesslng he sc1enceof deeP

Mathematics in Industry 37

Jong Chul Ye

Geometry
of Deep
Learning

A Signal Processing Perspective

@ Springer

6-3



Formal model of neuron (McCulloch & Pitt)

input (binary) <

weights bias
—t
L1 w1 I ) activation
L2 W2 5 1, Zﬁ;l WnTy —b >0
: : 0, Z,{Ll WpTy, —b <0
N WN

AN 4

output

https://en.wikipedia.org/wiki/Artificial_neuron



Artificial neurons

-1 Definition: An artificial neuron with weights w = (w1, ..., wy) € RY, biasb € R
o ‘b and activation function o : R — R is defined as the function f : RN — R
w\Q} N N
z/. fl®)=0(w'z—b) =0 (Z Wi Ty, — b> .
N n=1

m Examples of activation functions

1, >0
m Threshold Logic Unit (Heaviside): TLU(z) = . ) (McCullogh & Pitt 1943; Rosenblatt 1957)
, T <
1
m Sigmoid function: o(x) = e (Rumelhart 1986, ...)
e X

gﬁ\g/g m Rectified Linear Unit: ReLU(z) = x4 = max(0, z)
é!; - ST = And variants ..... >lL
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Neural network architectures for image processing

Neural networks are constructed from the composition of basic modules that can be chained at will.

Convolutional neural networks (CNN), in particular, are inspired by the structure of the primary visual cortex.
They have an architecture that is well suited for image processing.

Skip connection

. BaSiC mOdUIeS 64 64 64 < # of channels 12864 64 1 1
. . . U-ne
= Multi-channel convolution operators (filters) 1L t AR
| POIﬂtWISe nonllnearltles spatial dimension : 512x 512
= Pooling: linear combination, flattening, sub-sampling, ... | I A
256 x 256
: : . . 128x128m . ” v ;f;'#ax;mnng
Some modules—in particular, the filters—are adjustable. . oy sipcomecion.
. . L. 64x64 M | _ M & * 3)éiluplirtrl1]v2.
The parameters of the CNN (weights) are set during the training procedure. 3232 i e il - Txtcon.

m Training (not covered in this chapter)
= Requires a comprehensive collection of reference input-output pairs.
The larger the training set, the better!
= Formulated as a large-scale optimization problem
= Solved using some form of stochastic gradient algorithm (ADAM)

= Requires a lot of computational ressources (GPU)
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Basic Components of CNNs

= Operator-based formalism
= Composition
= Pooling

= Continuity and stability estimates

Unser: Image processing
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Operator-based formalism

Generic operator T : X — Y where X and ) are complete normed vector spaces.

Ve e X y=T{z} el

m General multivariate nonlinear operator (for image patches)
T:RM RN

m Pointwise nonlinearity = activation function of neuron
Tocti - R — R with Tacti{x} = O'(CU + b), beR

m General multivariate linear operator (for fully connected layer)
Thin : RM — ]RN with Tlin{x} — Wx where W €< RNXM

m Image-to-image operator
T : lo(Z4) — £5(Z%)

Most operators of interest are shift-invariant
Example: Trsi{f} =hx f with h=Trsi{d[]} (discrete convolution)
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Convolutional layer

m Patch extraction operator: /5 (Z%) x Z9 — RM with M = #W E %
Vect(f[-], k) = fwlk] = (flk — Ko])koew

< >
< >

m Convolution layer : ¢5(Z%) — ¢Y(Z4) with N channels = feature maps N channels (feature maps)

M N convolution masks pointwise nonlinearities
Shared operator Tpatch : R — R
w1 o1 : R—=R
Tpaten (fw [k]) = o (W [k]) where W=] : | and o =
WL on : R —R

Typically: o, () = ReLU(x — b,)
Implementation of N channel convolution layer:
o1 ((hn + £)IK])
; = Tpasen (i [k]) = o (Wi [K])
on ((h * £)[K])
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Vector-valued convolutional layer (tensor)

Input feature map: f[-| = (f1[-],..., fn[]) B —

m Tensor patch extraction: £5 (Z%) x Z4 — RM*N1 with M = #W

Tensor(f[], k) = Flk] = (filk — ko] koew, ic(1...n1) . ; :

N+ input N2 channels
channels feature map

I (MXNl)
m Vector-valued convolution layer : ¢5 (Z4) — (52 (Z%) with F'k], w, € R

Shared operator Tyapee, : RN s RN: convolution tensors pointwise nonlinearities
Wi o1 :R—R
Tiensor(F[k]) = o (WF[k]) where W =|[ : and o = :
WLQ on, :R—=R

- a((H x f)[k:]) with H[-] = Ny x N, array of filters

Number of parameters: (M x Ny) x Ny



Convolution of vector-valued images

fil] y | _ﬁﬁ 1
Input feature map: f[-| = | (i e
fnl]
N input " Mohannels
hial]  hiol] ... hin[] channels feature map
Matrix-valued filter: HJ[.] = : : :
hM,l['] hl,g['] e hM,N

m Vector-valued filterbank: ¢Y(Z4) — ¢}1(Z4)

(hi1* fi)l-] + (higx f2)[ ]+ + (hin x [N)[]
(H* f)[-] = :
(hary = fU)] + (harz * f2)[]+ -+ (har v * f)[]



Composition

Series of (nonlinear) operators Ty : X, — )V, where X, and ), are complete normed vector spaces.

Hypothesis: T, and T,_; have compatible domain and range;i.e., Xy = Vo1

m Compositionof T; : &} — Ay and Ty : Ay — A5

TooTy: X — X3 with TyoTi{z}=To{T{z}}

m Deep neural network

facep(x) = (0p0Apoop_10---0020A300;0A)(x)

m Affine layers A, : RVe-1 — RVe
Ay(xz) = Wiz + b, with trainable weight matrix W, € RN¢*Ne—1 gnd bias b, € R

m Pointwise nonlinearities oy : RV¢ — RN«
o¢(x) = (o(z1),...,0(zn,)) with common activation fonction o : R — R



Composition: Properties

m Preservation of linearity (affiness)
A12Xl—>W1X—|—b1 andAQ:y|—>W2y—i—b2 = A2OA12X|—>(W2W1>X—|—(b2—|—W2b1)

m Preservation of convolutional structure
T, and T are LS| with impulse responses hq, hy € El(Zd)
= TeoTy:f—hxf with h:hg*hlefl(zd)

Application: Construction of larger receptive fields

m Preservation of continuity
The composition of two continuous functions is continuous



Pooling

<+«— “Weasle”

m Down-sampling: |, . {f}[k] = f[mk]

m Max pooling: RY — R

u — max(u) = max(uy,...,uy)
m Softmax: RY — RY (transforms output of CNN in “probabilities”)
exp(ug)

S exp(uy)

m Up-sampling m Up-sampling with repetition

11'—>(pk;=

fin], k=mn UPn{f} k] = flk/m] = (Tm {f} * Lio,m—1)2)[K]

Tmif}HE] =

0, otherwise

Skip connection

64 64 64 « # of channels

spatial dimension :512x512

U-net

12864 64 1

>>®>

»‘»
+

64" 128128

256 x 256

256128 129
I*I*

T
512 256 256) >
N R RelU
v
+
512 512

128" 256 256
H-
128x 128
256" 512 512
X

3x3conv.+BN

+ Rel
2x 2 max pooling
skip connection



Continuity requirements

Generic operator T : X — ) where (X, ||-||x) and (), ||-||y) are complete normed vector spaces.

Definition
The operator T : X — ) is continuous if lim; , ., T{z;} = T{lim; ,. z;} = T{z} for any
sequence (z;);en that is converging in X’ with lim; o xz; = =

Definition
The operator T : X — ) is Lipschitz continuous if there exists a constant L > 0 such that
IT{z1} — T{2}lly < Ll|z1 — wsl|x for any z1,z5 € X.

m Lipschitz constant
Lip(T) = L where L is the smallest constant such that the Lipschitz inequality holds.

To avoid instabilities, all modules of a CNN should be Lipschitz continuous.
This implies that they are a.e. differentiable, which is desirable for training with backpropagation.

Counterexample: TLU networks are discontinuous, and therefore very hard to train unless the
architecture is shallow (perceptron).



Lipschitz constant of primary modules

m Pointwise nonlinearity

oc:R — R where o is differentiable
do(z)

5 = |lo’l|L.. (cf. Mean Value Theorem)
xr

Lip(o) = sup
zeR

-

Example: Lip(ReLU) = sup,cp |u(z)| =1

m LS| operator (convolution channel)

T >

Heaviside

TLSI{f} = h % f where h € /4 (Zd)

Lip(TLSI) — Hrnax — Sup |H(ejw)‘ < ||h’||£1
we(0,7]d

Justification (Parseval)

1 . . .
s =gl = lhx(F = 9lE = G /[ )P F(E) = G do

H12r1ax jw jw 2 2 2
< : |F(e )_G(e )‘ dw:HmaXHf_gHEg




Lipschitz constant of primary modules (cont’d)

m Linear (resp. affine) transform
Tin : RM — RN with x+— Ax (linear)
or x+— Ax+ b (affine) where A ¢ RM*XN b ¢ RM

Lip(Tiin) = sup |[Ax||2 = p(A) (spectral norm = largest singular value of A)
Ix[[2<1

m Imposing Lip-1 layer by spectral normalization

Tnormal {X} — ﬁ Ax

Estimation by power method: For k =0,..., K

_ 1 T
U = [ATCAw R A (A
Upon convergence, u = limy, uy, is the dominant eigenvector of ATA.

Finally, p(A) = v/(Au)T(Au)




Stability and combination of modules

m Composition — T i

Lip(T1) = L1 & Lip(T2) = Lo = Lip(T20Ty) < LaLy

Vf.ge X[ To{To{f}} — To{Ti{g} |y, < Lof|Ti{f} = Ti{g}|ly, _x, < LoLallf —gllx,

Deep neural network with Lip-1 activations (e.g., ReLU) : 1
facep(®) = (0L 0A 00 10 0050A0010A1)(x) = Lip(facep) =[] (Llp(w) LIP(AE))
(=1

= Deeper networks tend to be less stable

m Linear combination

I I CL1T1 (CL T
1T1 + a2 To){x}
Lip(z a;T;) < Z |a; |Lip(T;) (by triangle inequality) T { }_
=1 1=1

az T

m Parallel feature maps
Ty T — (T {2}

T=| : |:62%— &2z x : ;
Ty) Lip(T) < \/Li+...L3 < Li+- +Ly ol \Twia)




CNNs in Practice

= Deep learning pipeline
= Denoising

= Segmentation

Unser: Image processing



Deep Learning Pipeline

Training

Pairs of images

raw annotate

-~

Trained model

Inference
Trained Image
|-|||

raw

-

Prediction
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Denoising: “Handcrafted” ancestor of Resnet

noise estimator

Input LP Denoising

RMSE | 17.30 18.19 12.08

PSNR |[21.89 dB|21.45dB| 25.01dB

with respect to ground truth

R} Low-pass
filter LP

Output

noisy image denoised image
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Deep CNN for residual image denoisng

—i
W
N
W
N
W
N
W
N
W
N
—i

Input
Conv 3x3
RelLU
Conv 3x3
RelLU
Conv 3x3
RelLU
Conv 3x3
RelLU
Conv 3x3
RelLU

=) Subtract

DnCNN architecture (residual)

Datasets
e 80 natural graylevel images 384x384, artificially degraded by adding noise

LI

0.01

0.008 : zraal‘ii:i:t?olr:)ls:ss
Training CNN oo
e 20 images (25%) in validation set
e 37°601 parameters (weights and biais) 0004
* Loss function is the MSE 0.002 —
¢ 80 epochs, batch_size = 16, Ir = 0.001 .
¢ Global normalization: u=0, Var=1 0 20 40 60 80
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DNCNN architecture

First conv layer:

|

|
(.

|
|
| |
T
I
N\
AN

N channels (feature maps)

Number of learnable parameters: (3 X 3) + 1 (bias) per output channel

Internal conv layers:

— < >
N input M channels
channels feature map

Number of learnable parameters: (3 X 3) X 32 + 1 (bias) per output channel

Layer Shape Parameters

Input 384 x 384 x 1 0
Conv2D 3x3 + b, ReLU | 384 x 384 x 32 320
Conv2D 3x3 + b, ReLU | 384 x 384 x 32 9248
Conv2D 3x3 + b, ReLU | 384 x 384 x 32 9248
Conv2D 3x3 + b, ReLU | 384 x 384 x 32 9248
Conv2D 3x3 + b, ReLU | 384 x 384 x 32 9248
Conv2D 3x3 + b, ReLU 384 x 384 x 1 289

Subtract 384 x 384 x 1 0
Total 37601
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260

208

156

104

52

Neuschwanstein Neuschwanstein

Clean image Prediction

Clean image Noisy image Prediction

Gaussian noise ¢ = 20

-- Ground-truth — Noisy — Denoised

0 4 8 12 16 20 24 28 32 36 40

Gaussian Median HighPass+
Filter Filter SoftClipping
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i ® Y RO 0

an BRLLLLS )
1 I ¥
&

it

\

Neuschwanstein Neuschwanstein

Neuschwanstein
Clean image Noisy image 15.36 dB High-pass filter Resnet (100 epochs)
Ground-truth Additive Gaussian noise Soft Clipping 3 layers, 16 channels
19.97 dB 20.91 dB
r_(':é"- ; ‘- R T AR W TR A ‘- ”‘(‘f; zn:‘-j::- - - - « ¥ g .‘.,;:
;r ' ‘ ot ‘ 5

(7 2
(S 2

-

i "' " 0wl - % " ‘
g g ' g g '
."' | 2 ! ‘u s
Neuschwanstein Neuschwanstein . : anste
Gaussian filter Median filter Resnet (200 epochs) Unet (100 epochs)
o=1 radius = 3 5 layers, 32 channels 3 Pooling steps, 32 channels
18.23 dB 18.45 dB 21.01dB

20.99 dB



Segmentation: “Handcrafted” texture discriminator

I-—li-lll'll-:-

DCT filters (3x3)

N filters  nonlinearity aggregation

ay
—> —>

N
I

LA

MIIIIIIH'II T LR |III IIII
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Popular CNN architecture for image segmentation

U-net introduced by Ronneberger in 2015 for biomedical image segmentation

6: 4
128 64 64 2
input
; output
image )
t!i;Ie g N Ml et ': segmentation
3 & map
¥
558 E &
2| S %
| off @
R e

' 128 128

284
282
280
2002
—
8 ¥
105 ¥

' = = 512 256 t
el T’l 2 A =>conv 3x3, ReLU
T s s . =+ copy and crop
sielllolll — 3 I-E-T # max pool 2x2
IR 3 O 4 up-conv 2x2
‘%’-; & =» conv 1x1
i Winner of ISBI 2015 cell tracking challenge
Architecture

1. https://arxiv.org/abs/1505.04597
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U-Net Architecture Layer Shape  Params

. _ Input 512x512x1 0
For “semantic” segmentation
Conv2D 3x3 512x512x32 320
512x512x32 512x5612x32 Conv2D 3x3, Activation 512x512x32 9248
MaxPooling2D 256x256x32 0

Conv2D 3x3, Activation 256x256x64 18496
Conv2D 3x3, Activation 256x256x64 36928
MaxPooling2D 128x128x64 0
Conv2D 3x3, Activation 128x128x128 73856
Conv2D 3x3, Activation 128x128x128 = 147584

Skip connection

-

RelLU

—
A
AN o
— >
(o] Q
X c
N
—
(o]

Conv 3x3
Concat
Conv 3x3
RelLU
Conv 3x3
RelLU
Conv 3x3
512x512x2

®
®

< < MaxPooling2D 64x64x128 0
2 2 R = 0 R 4 Conv2D 3x3, Activation 64x64x256 295168
=] T Y E '

Q2 ofz o 5 > 2 o 2 o Conv2D 3x3, Activation 64x64x256 590080
X o @ o @ &) o o o @ X
8 o (®) O O 8 Up-conv 128x128x128 = 131200
o\ eV
Concatenate 128x128x256 0
512x512x1 512x512x2
Conv2D 3x3, Activation 128x128x128 | 295040
Graylevel 2 classes —
image % % 0: background Conv2D 3x3, Activation 128x128x128 | 147584
— B2 © = 2 &2 - : Up-conv 256x256x64 32832
& & o) & 2 § & o|l&d 2 % 1: cell p
N = o = P — = > Z 3 Z 2 Concatenate 256x256x12 0
A9 o o o o T
o/o 8 8 E 8 8 o/o Conv2D 3x3, Activation 256x256x64 73792
o\ oV
A - Activation 256x256x64 0
@ @ Conv2D 3x3, Activation 256x256x64 36928
. - 512x512x32 8224
© © @ Max pooling Up-conv olex
0 o («¢) To) Concatenate 512x512x64 0
¥ & o & o ¢
</|- > = s = G Conv2D 3x3, Activation 512x512x32 18464
© © 2 c 2 o© U
S S -conv
é 8 « 8 T é P Conv2D 3x3, Activation 512x512x32 9248
Conv2D 3x3 512x512x2 66

Total 1'925'058



Raw input image 0 I test set

Datasets

e 66 graylevel images (1 channel)
e 66 manually annotated images, 2 classes

Training CNN

® 66 annotated images / 25% for validation
e 1°925’058 parameters (weights and bias)
¢ [ oss function is the binary cross entropy

e 100 epochs, batch_size = 16, Ir = 0.001

0.8
— Training loss
0.6 — Validation loss
0.4
0.2
O A

0 10 20 30 40 50 60 70 80 90100

Probability Prediction of Results of segmentation
of class 1 class 1 GT (green) Pred (red)




CONCLUSION: The PrOS and CO“S Of CNNS ) Al Moore’s law: doubling every 3.4 month !
= Advantages of (deep) CNNs

= Downsides of CNNs o ms o

ing)

Are sufficiently flexible to implement most image-processing tasks
Can benefit from hardware acceleration (GPU)

Performance of deep CNNs is often spectacular

Once trained, they are very fast to deploy (inference)

y (Trair

Petaflop/s-da

Require huge amounts of data and computation for training

age
While the individual components are simple, s of decP \iten o sts of Al
. . H t el
the global behaviour is poorly understood = lack of guarantees ?:c‘;“fsfma\on anc} the PO s
Training and fine-tuning is fastidious “Graduate-student descent ....” .

No free lunch: Trained CNNs are very task/data specific

Can behave erratically — lack of robustness, subject to adversarial attacks

How the new trend benefits from the techniques of “traditional” IP

Deeper understanding of modules Suggestion of leaner and more robust architectures

ctor
ccccc
“““““
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